In his address at the International Congress of Mathematicians at Amsterdam, 1954, Brauer [3] proposed a program of studying simple groups, particularly various linear groups, by giving the structure of the centralizers of elements of order 2. He proved among other things that if a simple group G contains an element 7 of order 2 such that the centralizer CG(J) i$ isomorphic to the centralizer of an element of order 2 in a group L which is either the simple group L 2 (q) or L s (q) (with some restriction on g), then G is in fact isomorphic to L, except for a few isolated exceptional cases. Thus he gave a characterization of the groups £2(5) or L^(q) in terms of the structure of the centralizer of an element of order 2. The work of Brauer was followed by a large number of investigations along the same direction. This paper is a further study in this direction of characterizing linear groups by the structure of the centralizers of involutions. Its purpose is to characterize the simple groups L n (q) when g is a power of 2. We shall also give a survey of known results.
P.
Prove that G is a simple group belonging to a particular family F of simple groups. There are several works concerning this problem. We refer to [35], where the problem has been solved for P = nilpotency or 2-closedness.
Gorenstein [15] solved the problem when P is the property of having a normal 2-complement. A particular case was given by Glauberman [l4]. In each case the particular family F of simple groups has been explicitly given.
There are many challenging variations of the problem. The case when P is the solvability is one of the unsolved cases. According to the result of [35 ], 2-closedness is the property of the centralizers of elements of order 2, which almost characterizes the family of the linear groups of low rank over fields of characteristic 2. It would be an interesting problem to investigate what property P would characterize, with some exceptions, a larger family of simple groups; for example, the family of linear groups over fields of characteristic 2. If we use a weaker assumption that G contains a single element of order 2 whose centralizer satisfies the property P, the problem becomes harder to solve. Even the case when P is the nilpotency has not been solved yet. We add a remark that, over a field of characteristic 2, the symplectic group of four variables contains a central involution whose centralizer is nilpotent.
A still more specific situation is when the structure of the centralizer is, more or less, explicitly given. Let us assume that G is a simple group and that j is an element of order 2 of G. Set H= C <?(/). A fundamental result here is the following theorem of Brauer and Fowler [ó] . There is a function ƒ such that where j G\ denotes the order of G. Thus, if the order of H is given, there can be only a finite number of isomorphism classes of simple groups G, which contain an element j of order 2 and H= CQ(J). General form of the function ƒ is very crude and gives an estimate of the order of G too large to be of practical value. The problem here is to determine the structure of G when the structure of H is given. In many cases we select a known simple group K and choose an element t of order 2 in K. Assume that H-=CK(£). The expected answer is that G is isomorphic to K. In all the cases worked out so far, the elements t and j are assumed to be central; that is, to lie in the center of a Sylow 2-group of K and G, respectively. Sometimes two or more nonisomorphic simple groups have isomorphic centralizers of central involutions. If A n denotes the alternating group of degree n, the centrahzers of central involutions of A^m and A± m +i are isomorphic. A recent discovery of two new simple groups, the Hall-Janko group of order 604,800 and the Higman-Janko-McKay group of order 50,232,960 provides another case. Besides, the following pair of simple groups has isomorphic centralizers: (Z, 2 (7), A 6 ) and (£3(3), Mu). Just 2 triplets (Au, Au, 5 6 (2)) and (L 5 (2) , Mu, H 2 ) of simple groups with isomorphic centralizers are known, and no example seems to be known when four or more simple groups have isomorphic centralizers. In the above, iJ 2 is the simple group of order 2 10 3 3 5 2 7 3 17, whose possibility was announced by Held [20] and whose existence was worked out by G. Higman and verified by McKay with aid of a computer.
If the structure of H= CG(J) ' ls assumed to be different from the one which appears in the known simple groups, we may obtain a contradiction. But there are some fascinating exceptional cases, which have led to the discoveries of some new sporadic simple groups (Janko [22] 
, [24]).
The list of simple groups characterized by the structure of centralizers may be found at the end of this section.
In many cases, every member of a family of simple groups is characterized. Let L n (q) denote the projective special linear group of dimension n over a field of characteristic 2. Thus g is a power of 2 : q = 2 m . Let / be an element of order 2 of L n (q) which is represented by a transvection. Denote by H(n, q) the centralizer of t in L n (q) . In this paper the following theorem is proved. THEOREM 
Let G be a simple group which contains a subgroup H such that (i) H=H(n, q)for some n, g^2, and (ii) if z is a nonidentity element of the center of H, then CQ(Z) =H. Then G is isomorphic to L n (q) except in the following cases: q = 2 and n^S.
The cases n^4t have been treated ([8] Nonsimple groups which satisfy the conditions of Theorem 1 can be classified. THEOREM 
If a nonsimple group G contains a subgroup H which satisfies the two conditions of Theorem 1, then one of the following holds: (i) The center of H is a normal subgroup of G;
(ii) 5 = 2 and H has a normal complement which is an abelian group of odd order;
(iii) G possesses a series of normal subgroups
1CG 1 CG 2 CG such that Gi is an elementary abelian subgroup of order q n~1 y G2/G1 is a cyclic group of order dividing q -1 and G/G 2 is isomorphic to the projective general linear group PGL(n -l, g). Furthermore, we have
This second theorem will be proved in (4.1) and (5.4) of this paper, while the proof of Theorem 1 is completed at the end of the paper.
The proof of theorems like our Theorem 1 always begins by a consideration of possible fusions of elements of order 2. The structure of a Sylow 2-group of G and the assumed simplicity will restrict the possibilities. In this process "transfer theorems" of various types and the Z*-theorem of Glauberman [l3] are useful. We consider the structure of the centralizer of each element of order 2, if some of them are not given as a part of assumptions. If the fusion and the structure of centralizers of elements of order 2 are determined, the order of G will be computed in most cases. Usually a complete discussion of possible fusion and possible structure of the centralizers is difficult, but sometimes a partial knowledge will be sufficient. In this respect, character theory may provide useful informations.
Our proof of Theorem 1 is along the line of argument discussed above, but like corresponding proof in [32, IV] we tried to avoid the discussion of fusion and structure of centralizers, other than given, as much as possible. At the end the identification of G with L n (q) is done by constructing a (J3, iV)-pair in G and using a characterization of L n (q) as a group with a particular (B, iV)-pair. For the importance and required results concerning (B, iV)-pairs, we refer to the works of Tits [40] , [41] .
The structure theorems of (Tl)-groups play important roles in several places of the proof. A group is called a (Tl)-group if two distinct Sylow 2-groups have only the identity element in common (see [34] ). Our proof is group theoretical, and the character theory is never used explicitly.
The following list is almost self-explanatory. For example, the second line means that the family of simple groups Lz(q) for odd q has been characterized by Brauer [3] , [4] , and when q = 3, the Mathieu group Mu has the same centralizer as Lz (3) , and it is the unique exception. We use Artin's notation [l] to denote the classical simple groups.
Group
Reference Exceptions 2. Notation and necessary lemmas. In the rest of this paper we shall consider only the linear group defined over a finite field of characteristic 2. Let F be the field of q elements where q = 2 m is a power of 2. We identify the elements of the general linear group GL(&, q) with the kXk nonsingular matrices whose entries are taken from F. Thus an element x of GL(&, q) is written as
Li
If this element is written, for example, as
it is tacitly assumed that this is a block decomposition of the matrix x, the letters X, F, Z are submatrices of appropriate size and the blank space represents the zero matrix. If the letter I with or without suffix is used in place of X (F or Z), this explicitly means that X is the identity matrix and the suffix indicates the size of X. 
REMARK. A caution about our notation. The lower left corner is the IXI identity matrix. By our convention the top and bottom I on the main diagonal are Ii. But the middle / may be of different size. It is in fact of size k -2l. If k = 2l, the middle row and column are to be deleted ; so it is c> The letter ji denotes always the matrix defined by (2.2) in some GL(fe, g). Since finite fields are perfect, an element of order 2 is conjugate to its canonical form ji in the special linear group SL(fe, q).
(2.
3) The centralizer of ji in SL(fe, q) is the totality of matrices of the form
where X is an 1X1 nonsingular matrix and det X is the determinant of X. The mapping which sends the matrix (2.4) to the pair (X, Y) of the direct product of GL(/, g)XGL(& -2Z, q) is a homomorphism. The image of this homomorphism contains SL(Z, q)XSL(k -21, q) and covers both factors GL(Z, q) and GL(& -2/, q) iîk>2L The kernel is the maximal normal 2-subgroup of the centralizer.
In the following we always assume that n^5. By definition L n (q) is the factor group of SL(n, q) by its center. The center of Sh(n, q) is a cyclic group of order d = (n, q -1) consisting of scalar matrices, where (n, q -1) is the greatest common divisor of n and g -1. It is in particular a group of odd order.
Let z be the element of order 2 of L n (q) which is represented by ji (cf. (2.2)).
(2.5) Let H denote the centralizer of z in L n (q). Then H is isomorphic to the factor group of the group of the matrices (2.4) by the center of SL(w, q). If 0 denotes the maximal normal 2-group of H, the factor group H/O is isomorphic to GL(n -2, q)/C where C is the set of scalar matrices \I n -2 with X n = 1. By (2.5), a Sylow 2-group of H is isomorphic to the group of lower triangular matrices with 1 on the main diagonal. Let 5 denote the totality of such matrices
We identify S as a Sylow 2-group of H. (2.7) NH(S) is a semidirect product of 5 and D»_ 2 /C where D n~i is the totality of nonsingular diagonal matrices of degree n -2 and C is the subgroup defined in (2.5). If d£A»_ 2 is the element with fii, • • • , /j n _2 on the main diagonal in that order, the conjugation by d induces an automorphism of S which sends
where Mo=Mn-i and /xoMi * • • Mn-i = 1. We remark that if the pair (i, j) is fixed, then At^-Vz-i will be an arbitrary nonzero element of F for a suitable choice of jui, • • • , /x w _2, unless the pair (i,j) is (n, 1) in which case Mil 1 iM^-i = 1 for any choice. Some subgroups of S are important in the following discussion. We denote by (2.6) a generic element of S. We define the following subgroups of S: O: the maximal normal 2-group of H; the totality of elements of 5 with relations a,-y = 0 for all i, j such that 2^j<i^n -l; (2.8) P: the subgroup of O with further restrictions a n y = 0 for all 2^j<n; R: the subgroup of 0 with a t i = 0 for all i such that l<i<n; T: the subgroup of 5 consisting of all the matrices (2.6) with #21 = dn n-1 = 0.
Furthermore set (2.9) Z = Pr\R, U = TP and V = TR.
The structure of the group H can be studied by matrix computation. By (2.5), an element h of H is a coset of the center of SL(n, g). Suppose that h is represented by the matrix (2.4). The automorphism of 0 induced by the conjugation by h sends an element where Q is an arbitrary 2X2 matrix, and
(iv) Let u be an involution of Z(T). If u^O y then Cs(u) = T. If u(EO -Z, then Cs(u) is a subgroup of index q of S. For all u(EZ(T), Cs{u) is a Sylow 2-group of CH(U).
( is an element of T, we have
Since T normalizes A, this yields (2.14) U(VX) = VU(X)V~l for any admissible F for which the element v belongs to T. In particular U(X) commutes with any admissible V such that VX = X. Let X a be the column vector such that the top entry of X a is a and the rest are zero. Then there is an element x a of A with X = X a and (2.14) yields that entries of U(X a ) below the main diagonal are zero except the 2X2 submatrix of the lower left corner. 
For the properties of (7"/)-groups, see [34] . We remark here that if a Sylow 2-group of a (ZY)-group G is not normal and contains more than one involution then G contains a normal subgroup of odd index, which is isomorphic to one of the simple groups LzÇq), S g (q) or Uz(q) for some g, a power of 2.
PROOF
OF (2.19). The subgroup D defined in (2.19) is uniquely determined by S. So we denote it as D = D(S). If x£G, then D(S X ) = D(S)
X . If J9 = l, there is nothing to prove. Thus we assume that D 7^ 1. We prove a series of lemmas. 
satisfies all the conditions of a strongly embedded subgroup.
We apply a theorem of Bender [2] . Since G contains a strongly embedded subgroup and S contains more than one involution, G is a (TY)-group by Bender's theorem. Hence D = S and the proof is finished.
Structure of N G (T) and fusion of involutions.
Let H be the centralizer of an involution in the center of a Sylow 2-group of L n (q). The structure of H was discussed in (2.5). In the rest of this paper we consider a finite group G which contains a subgroup isomorphic to H. We will identify this subgroup with H, so HQG. The basic assumptions are (1
) G contains H with n è 5, (2) if z is an involution of Z(H) y then CG(Z) =H.
We use the same notation as in the preceeding section. So S is a Sylow 2-group of H and the notations (2.8) and (2.9) are used freely. In particular Z = Z(H).
PROOF. The first proposition is a particular case of (ii) where X = H. In order to prove (ii), choose a nonidentity element z of Z(X)C\Z X . Then CG(Z) contains X. By the basic assumption (2),
(3.2)(i)c G (r)=z(r).
(ii) Let W be any subgroup such that TÇLWÇ1S. Then
(
iii) If Si is any Sylow 2-group of G which contains T, S\ normalizes T:
SxQNaiT).
(iv) If Si is a Sylow 2-group of N G (T), the index \ S: SC\Si\ is
by (2.11) (iii). (ii) Let x be an element of N G ( W). By (2.12) (iii) T is generated by the abelian normal subgroups of 5 of order at least q^n~2\ Let A be an abelian normal subgroup of S of order at least q 2 < n~2 \ Then AÇLTQW. Hence A x is an abelian group of order larger than q n~l , which is normalized by T. By (2.12) (ii), A X QT. This implies that x normalizes T. Thus 
By (ii), N G (D*)QN G (T).
Hence 
PROOF. Let x be any element of N G (S). Then x normalizes Z = Z(S), iJ= C G (Z) and finally 0, because O is a characteristic subgroup of H.
There are precisely 3 conjugate classes of involutions in 0-Z by (2.11) (v). The sets P-Z and R-Z are two of them and each contains q n~l -q elements. The third class contains (q n~l -q) (q n~2 -q) elements. The conjugation by x induces a permutation of the conjugate classes of H containing involutions of 0-Z. If we denote this permutation as ƒ(x), ƒ is a representation of N G (S) and the kernel of ƒ contains S. Thus the image of ƒ is a group of odd order. Since the third class contains more elements than the other two classes, ƒ must be trivial. Hence any element of N G (S) normalizes both P and R. By (3.2 
) (ii) N G (S)QN G (T).
Hence U=TP is a normal subgroup of N G (S). Similarly V is normal. PROOF. Suppose that t is conjugate to an element of Z in G. Since / is an element of Z(T)C\0, the centralizer W-Cs(t) is a subgroup of index q. Since t is conjugate to an element of Z, there is a Sylow 2-group Si of CGQ) which contains W. Si is a Sylow 2-group of G. By (3.2), Sr\Si=W.
Suppose g>2. We apply the Proposition (4.5) of [32, IV] 
All assumptions of (4.5) of [32, IV] are satisfied by (3.2) (iv) and (3.3). If q>2, (4.5) of [32, IV] and (3.2) (iv) yield that S/^Si -U or V. This is not the case.
If q = 2, we use a different argument. Since W is maximal, 5 and Si are conjugate in NQ(W).
The center of Si is generated by t, so / is conjugate to the unique involution z of NG(W). We determine the upper central series of W. W is the subgroup of 5 consisting of the matrices (a,y) with #2i = #n n -i (and a« = l, a# = 0 for i<j). So Z(W) = (z, t), and the second center 
(3.5) Suppose that an element of Z is conjugate in G to an element of P-Z and that an element of Z is conjugate to an element of R -Z in G also. Then NG(T)/T contains a normal subgroup of odd index which is a direct product of two groups isomorphic to Lz(q).
PROOF. By assumption there is an element u of P -Z which is conjugate to an element of Z. Since P-Z is a conjugate class of H, we may assume that u belongs to Z(T). Then Csiu) = [/. So there is a Sylow 2-group Si of G such that SC\Si = U. Similarly there is a Sylow 2-group 5 2 of G such that Sr\Sï= V.
Suppose that q = 2. Then Z is of order 2. Hence NG(S)QH. By (2.7), N H (S)=S, so we conclude N G (S)=S. Therefore, N G {T)/T has an abelian Sylow 2-group which coincides with its normalizer. By a theorem of Burnside NG(T)/T has a normal 2-complement. Let Q be the normal subgroup of index 4 such that Sr\Q=T. Then Q/T is the normal 2-complement of NG(T)/T.
If Si is any Sylow 2-group of N Q (T), Z(SI)QZ(T) by (3.2) (i). If z x is any element of Z(T) conjugate to z, CG(ZI){~}NG(T)
is contained in a unique Sylow 2-group of G by (2.11) (vi). Thus N G (T) contains at most 15 Sylow 2-groups.
This yields \Q/T\ ^15. On the other hand NG(U) acts transitively on Z(U) -1. Hence U/T commutes with precisely 3 elements of Q/T. Similarly V/T commutes with 3 elements of Q/T. The Sylow group S/T does not centralize any nonidentity element of Q/T. Hence | Q/T\ is divisible by 9 (the fixed point formula of Brauer [42] ). Hence | Q/T\ =9, and Q/T must be elementary abelian. It is easy to check that NQ(T)/T is a direct product of two groups isomorphic to L 2 (2) .
We assume that q>2. All the assumptions of Proposition (4.6) of [32, IV] 
There is a Sylow 2-group S 2 of CG(Z\) which contains C s (zi). Clearly 52T^5I and S1H1S2 contains T. This is against (2.11) (vi). ThusZiHO = l.
Let X be any subset of H, and let z be an involution of Z. We say that z fuses in X if z is conjugate to an element, 5^2;, of X in G.
We prove the following propositions.
(3.7) If z does not fuse in Z(T)-0, then z does not fuse in H-O. (3.8) If z does not fuse in Z(T) -Z, then z does not fuse in H-Z.

Proposition (3.8) is an easy consequence of (3.7). Suppose that (3.7) holds. If z does not fuse in Z(T)-Z, then z does not fuse in H-O by (3.7). But involutions of O -Z are distributed into three conjugate classes of H by (2.11, v), each of which has a representative in Z(T). Hence z does not fuse in O-Z either. This proves (3.8).
In proving (3.7) let us assume, by way of contradiction, z fuses in H-O. A set of representatives from the conjugate classes of H containing involutions of H-O is given in (2.16). If z is conjugate to the first element in (2.16), we say that a fusion of the first kind has occurred. Any other fusion of z in H is called of the second kind. We prove a series of lemmas under the assumption that z does not fuse in
(a) No fusion of the first kind occurs.
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PROOF. Assume that z is fused to the first element of (2.16), which we denote by u. Since u(£Z(T) by assumption, we have k^2. Set
Then Z\ is a conjugate subgroup of Z. By (2.17) (i), Cs(u) is a Sylow 2-group of CQ(Z, U). Since Z\ is contained in CQ(Z, U), we have ZiQQ.
By (2.17) (ii), Q is a subgroup of order q* which contains Z(T). Since Zi is not contained in Z(T), we have Z(r)P\Zi = 1 by (3.1) (ii). Let A be a subgroup of Z(T) consisting of matrices whose lower left corner is An easy computation shows that any element of the coset Au is conjugate to u in S.
Consider the fusion in CG(U). The element u fuses to z. Since the center of a Sylow 2-group of CG(U, Z) has order q 5 , this fusion is of the first kind. Hence Q contains Z(7\) for some conjugate subgroup PROOF. If w£Z, (c) follows from (b). If ^GO -Z, then u belongs to either P or R. Then the product zu also belongs to P -Z or R -Z and is conjugate to z. If u^H-O, we may assume that u is one of the last three elements of (2.16). In all cases zu is conjugate to u in 5.
We can finish the proof of (3.7) as follows. Let t be the element represented by j 2 of (2.2). Then by (3.4), / is not conjugate to z in G. By assumption z is conjugate to one of the last three elements of (2.16), which is denoted by u. Then k in (2.16) is larger than 1 for the second or third element, and is larger than 2 in the last case. Thus the element u commutes with t and is conjugate to ut in S. Lemma (c) applied to u yields that u is conjugate to u(ut) =t. This is not the case. Thus N is a normal complement of H. N is abelian because z acts fixed point free.
Assume that q>2, and we prove a series of lemmas.
(a) Let x be an element of Z(T)-0. Then T is a Sylow 2-group of C 6 (x).
PROOF. Choose a Sylow 2-group 7\ of CG(X) which contains T, and then choose a Sylow 2-group Si of G which contains TV Since rcSi, Z(S\) centralizes T and hence is contained in Z(T). By assumption Z(5i) = Z. Then Si contains 0. This S = TOQSi. Since C s (x) = T,
This proves that T is a Sylow 2-group of CQ(X). (c) Z is a normal subgroup of G.
PROOF. Suppose that (c) is false, and let Z\ be a conjugate subgroup of Z different from Z. Let x be an element of Z(T) ((2.18) ). By (b), w is contained in H, so is raw.
If wx is central, ze/#£Z by assumption. Hence w(E.Z(T)-0, and yGi? by (b). Since y is central, this implies that y£;Z. This is not the case as ZC\Z\ = 1.
If, on the other hand, wy is central, wy(EZi because wy commutes with y. This implies that w(EZi; in particular, w is central. Since w(EH,we have wÇ:Z. This is a contradiction because wCZHZi.
(4.2) Suppose that P -Z contains a central involution. Then there exists precisely one conjugate class of central involutions.
PROOF. Let z\ be a central involution of P -Z. Set ZI = Z(CG(ZI)).
Since P is self-centralizing, ZiQP by (3.1) (ii). We have ZP\Zi= 1. By (2.11) (v) elements of Zi -1 are conjugate to each other in H. This proves (4.2).
(4.3) Suppose that P -Z contains a central involution, but no involution of Z(T)-0 is central. Then P is a normal subgroup of G.
PROOF. Propositions (3.4), (3.6) and (3.7) yield that no involution of H-P is central. By assumption every involution of P is central. Set
0' = Z(T) HO and Y = Z(T) n P.
We prove a series of lemmas.
(a) NG(P) acts transitively on the set of involutions of P.
PROOF. The group H is a subgroup of NG{P) and acts transitively on P-Z. Let y be an element of Y-Z. Then C s (y) = TP= U. Let Si be a Sylow 2-group of Co(y) which contains U. By (3.2) (iii),
SIQNG(T);
in particular Si normalizes U. Since 5 and Si are two Sylow subgroups of iV(?(ü7), there is an element x of NG(U) such that Si = S x . Involutions of P x are central, and no central involution lies in U-P. Hence P X = P. Thus x is an element of NG(P).
x is an element of P -Z. Hence z x is conjugate to y in H. Since XÇZNG(P), Z is conjugate to y in NG(P)-The lemma (a) follows immediately.
(b) NG(P) -P contains no central involution.
PROOF. Since P is a 2-group, any involution of NQ(P) centralizes some involution of P. Let u be a central involution of NG(P). There is an involution v of P which commutes with u. Let z be an involution of Z. By (a), there is an element x of NG (P) 
. By definitions of v and ze>, (d) An element of Z(T)-0 is conjugate to an element of 0'-Y.
PROOF. Let N be the subgroup of NG(U) which is generated by Sylow 2-groups. By (3.2) (ii), N normalizes T, so Nacts on U/T. Since T contains the commutator subgroup of 5, N acts trivially on U/T.
We have Y = Z(U), so N acts on Y and Z(T)/Y.
The subgroup [/acts trivially on F and Z(T)/Y. Set U 0 = N/U. Then both F and Z(!T)/F are Z7 0 -groups. We claim that they are E/o-isomorphic. Choose an element u of U-T. The mapping 
x -> [x, w] (2 G Z(T)) defines a homomorphism of Z(T) into F. The kernel of this homomorphism is Z{T)C\CG{U). Since u(E;U-T, we have Z(T)C\CG(U)
=
This proves that ƒ is a 17o-isomorphism of Z(T)/Y onto F. Every involution of F is contained in the center of some Sylow 2-group of NG(U) and hence conjugate to an involution of Z. This implies that every element of Z(T)/Y is conjugate to an element of f~~l(Z). By definition f~l(Z) =O
By (2.11, iv), Cs(x) is a Sylow 2-group of CH(X) and \S: Cs(x)\ =q.
On the other hand, a Sylow 2-group of CQ(X, Z) has order equal to I T\. This implies that y and z are not conjugate in CG(X).
Set W= Cs(x). Let W\ be a Sylow 2-group of CQ{Z) which contains W. There is a Sylow 2-group Si of G containing Wi. Then Z(Si) centralizes Z and so normalizes P by (c). This proves that Z(Si)QP.
Since Z(Si) centralizes T, it is contained in Z(T). Therefore Z(Si) QPr\Z(T) = F. There exists a Sylow 2-group of C G (Z(Si)) which contains U=Cs(Z(Si)).
By uniqueness (2.11) (vi), Si contains U.
Suppose that Si^S. Then U=SC\S X and W= U. Since xEZ(W), we have xEZ(U) = F, which is not the case. Hence Si = S and this implies that W is a Sylow 2-group of CG(#).
Let W 7 be any Sylow 2-group of CQ(X). Choose an element z 1 of Z(W') which is conjugate to z in CG(X). Then z' is not conjugate to y in CG(X). By (2.18) there exists an involution w of CG(#) such that w commutes with both y and z', and wy is central. The element wy commutes with an element y 5*1 of P. By (c), wy normalizes P, and hence by (b) wyÇzP. Thus w^P. Since z' centralizes w£P, the same argument proves z'ÇzP* Therefore CG(Z')QNG(P).
Since
WQCotf), we have WQN a (P).
(f) P is a normal subgroup of G.
PROOF. Suppose false and let P' be a subgroup, 5^P, conjugate to P. Let x be an element of 0' -Y and z be an involution of P'. Then # is not conjugate to z in G. There exists an involution w of CG(X, Z) such that xw is conjugate to # or 2.
Suppose that xw is conjugate to x. Then wz is conjugate to z. This implies that WZÇLP' and WÇLP'• On the other hand W£ZNG(P)
by
(e). Thus w is a central involution of NG(P).
It follows from (b) that wGP. This is a contradiction because POP' = l by (c).
Suppose that xw is conjugate to z. Then xw is a central involution which lies in NG(P)> Hence by (b), xwGP. Since x£0'--F and PQO, we conclude that wGO-P. The element w is conjugate to an element of O'-Y in NQ(P).
By (e), any 2-element of CG(W) is contained in NG(P)-This implies that z is a central involution of
NG(P)-
By (b), we have zÇiP, which is a contradiction.
5. Structure of some local subgroups. In this section we make the following standing assumption:
P -Z contains a central involution. This assumption implies that there is precisely one conjugate class of central involutions by (4.2).
We choose a complement Ko of S in NH(S) and fix it throughout discussion. The structure of K 0 was stated in (2.7). K 0 is isomorphic to the factor group of the group of (n -2)-tuples (/xi, • • • , Mw-2) of nonzero elements /ii, • • • , Mn-2 of F (equipped with the componentwise multiplication) by the subgroup consisting of (X, • • • , X) where X n = 1. Thus K 0 is an abelian group of exponent q -1 and order (g -l) n~2 /d where d is the greatest common divisor of n and q -1. There is a complement of S in NG(S) which contains K 0 . Let K be such a complement. We will fix K too. If q -2, N G (S) centralizes Z, so we have K = 1.
(S.l)Ifq>2,C 8 (K)
= l.
PROOF. Clearly we have Ca(K)QC s (K 0 ).
By (2.7), C S (K 0 ) = Z. The assumption at the beginning of this section implies that involutions of Z are conjugate. By Burnside's lemma [9], they are conjugate in NG(S).
Therefore K acts transitively on the involutions of Z; in particular K does not centralize Z if q>2.
The strucutre of K emerges from the study of the structure of N Q (U).
5.2) NG(U) contains a normal subgroup L of odd index such that L/U=L 2 (q). Furthermore y L contains an involution t such that N G (U) = (S, K, t) and t G N Q (K).
PROOF. By assumption there is a Sylow 2-group S\ of NG(U) such that SH5i= U (the first paragraph of the proof of (3.5)). Since U is a maximal intersection of Sylow groups, N G (U)/U is a (77)-group.
If q = 2, we set L = NG(U) and verify the assertions easily. So assume that q>2. The group NG(U)/U is a (7Y)-group with an abelian Sylow 2-group of order q. Hence by the structure theorem of (77)-groups [34], NG(U) contains a normal subgroup L of odd index such that L/U=L 2 
(q).
Since L is normal, we have
By (4.4) of [32, IV] , N G {U) contains an element x such that x 2 ££/ and x normalizes UK. Set X = {UK, x). Then X= UN X {K). Since U is normal, Nx(K)C\U centralizes K. By (5.1) we have Cs(K) = l. PROOF. We may assume that q>2. Let L be the normal subgroup of NQ{U) given in (5.2). Since L/U is isomorphic to L z (q)> LC\K is a cyclic group of order g -1. The factor group L/U acts on Z(U) and the action is the natural one. Hence LC\K acts regularly on Z. K induces a permutation group on Z -1. By assumption (2), the stabilizer of an involution of Z stabilizes all elements of Z. Thus K 0 is the stabilizer and is a normal subgroup of index q -1. Since LP\X 0 = 1, we have K = Ko(LC\K). Since Z, is normal, LC\K is a normal subgroup of JK\ Thus, K = K 0 X(LHiK).
(5.4) Suppose that N G (Z) does not contain NG(P). Then NG(P) has a series of normal subgroups 1C.P(ZGiCG^QNG{P) such that Gi/P is a cyclic group of order (q -l)/d, G 2 /G x 9Ë Ln-xiq) and N Q (P)/G X ^ PGL(n -l,q).
Furthermore [N 0 (P), GI]QP.
PROOF. AS in (4.3, a), NG(P) acts transitively on the involutions of P. Let Q be the subgroup of S consisting of matrices of the form where X is an (n -2, 2) matrix. Then Q is an elementary abelian subgroup and self-centralizing. The intersection PC\Q is of order q n~2 . We define an incidence structure P = (^, 33, I) as follows:
$: the totality of conjugates of Z, S3: the totality of conjugates of PC\Q, I: containment.
Elements of $ are called points and elements of S3 are blocks. NG(P) induces a group of automorphisms of this structure. By assumption NG(P) induces a doubly transitive permutation group on $. We want to prove that NG(P) is doubly transitive on 93. This follows if P is a symmetric design by a theorem of Parker [29] . We use the same idea. Let I be the incidence matrix of P. If X is a point, the number of blocks containing X is a constant, say a, since NG(P) is transitive on $. Similarly the number of blocks incident with two distinct points is another constant, say b. Since a block can not contain all points, we have a^b. Clearly a^l. If '/ is the transposed matrix of I, then the entries off the main diagonal of PI are b ; while the diagonal entries are a. Hence PI is nonsingular. This implies that |Ç|g|SB|.If|^|=|SB|,/is nonsingular and intertwines the representations on points and blocks. So NG(P) is doubly transitive on». We prove that points on a block form a partiton of involutions of a block (remember that a block is a subgroup). Let X be a point and F be a block. Suppose that XC\Y contains an involution x. The point X is a conjugate of Z and Y = PC\Q V for some yÇzNo(P). Both P and Q* are self-centralizing abelian subgroups. Hence by (3.1), X is contained in both P and (X Thus, XC\Y^\ implies XQY. Since every involution of P is contained in some conjugate subgroup of Z, a block is partitioned.
We will prove | $| = | »|. We have We have shown that NQ(P) induces a doubly transitive permutation group on SB. The stabilizer of the point Z is NQ{Z), and clearly it is transitive on blocks incident with Z. It is easy to see that Z is the intersection of all the blocks which contain Z. Let Gi be the kernel of the representation of NQ{P) on S3. Then Gi stabilizes all the points, and coincides with the kernel of the representation of NQ(P) as a permutation group on $. We have HC\G\=P, as the elements of HC\Gi centralizes P. We apply a theorem of Ito [2l] to N G (P)/Gi. The group OGi/Gi leaves all the blocks incident with Z invariant. We conclude that NQ(P)/G\ is isomorphic to a subgroup of the group of all the projectivities of the projective space of dimension n -2 over P, and that NQ(P)/GI contains a normal subgroup G2/G1 which is isomorphic to Z, w _i(<z). If 5 = 2, the order of NQ{P)/P is equal to that of Z, w _i(2). Hence we have P = Gi. This proves (5.4) for q = 2.
It remains to prove that N 0 (P)/Gi9ÉPGL(n-l, q) and Gi/P is the cyclic group of order (q -l)/d when q>2. Consider the action of K on P. Since \K\ is relatively prime to |P|, P is completely reducible as i£-module. Since K is abelian of exponent q -1 by (5.3) , each irreducible jRT-invariant subgroup of P is of order q (recall that CP(K) = 1 by (5.1) ). Hence we have P = Z + Pi + -• • + P n _, where each P t -is an irreducible X-invariant subgroup of order q. K acts on the set of involutions of P; transitively. Since K is abelian, the index of The product xy acts as the multiplication of co n on P considered as a vector space over P, so that ^GGi. This proves that Gi/P contains a cyclic subgroup of order (q -l)/d.
The incidence structure P defined earlier is the block design determined by the one-dimensional and (n -2)-dimensional subspaces of the vector space P over P. Each element of H induces a linear projectivity on P. In fact, if an element hoî H corresponds to the matrix
The index of PSL(n -1, q) in PGL(n -1, q) is the greatest common divisor of n -1 and g -1. Hence the image of H in N G (P)/G\ is a subgroup of PGL(w -1, q) and covers the section
Thus, NG{P)/G\ contains a subgroup isomorphic to PGL(w -1, g). We have
On the other hand, |tf 0 (P):P| = |iV ö (P):Gi||Gi:P|,
Hence we have the equality signs in both places. This implies that
N G (P)/G 1^P GL(n-l,q)
and Gi/P is the cyclic group of order
we conclude that NQ(P) is generated by conjugates of H. This yields that [N G (P), GtlQP.
(5.5) N G (Z) does not contain N G (P), unless n = S and q = 2.
PROOF. Suppose that N G (P)QN G (Z).
Then Z\ is contained in Z(Z7). By definition (2.9), U=TP. Hence we have
Z(U) = PC\Z(T) CP.
Thus Z(U) =ZXZi and / exchanges Z and Z x . Since N G (P)QN G (Z), P l is different from P. The element t normalizes U and hence T by (3.2) (ii). This proves that P' is an elementary abelian subgroup of U, which is normalized by T but not contained in P. The structure of such a group has been studied in (2.12) (i).
Since P is normalized by CG(Z), P' is normalized by C<y(Zi), in particular by C#(Zi). We verify easily that the element corresponding to the matrix
belongs to CW(Zi). By (2.12) (i), elements of P* are of the form
where D is a 2 X (» -2) matrix such that the columns, except possibly the first and the second, are zero. Since CH(ZI) normalizes P', the matrix Note that either u or v is nonzero as P^PK Since (5.7) holds for any a and )3, we must have x~l = x/A, or A =x 2 . The value A of the determinant is arbitrary except that there must be an x such that x z A = 1. Since A =x 2 , we have A 5 = 1. Since A may be an arbitrary third power, we have o> 16 = 1 for all nonzero elements of F. Thus q = 2, 4 or 16. But if g -1 is divisible by 3, we can choose xj^l such that # 3 = 1. Then for A = 1, we have A = x 2 = 1. This is a contradiction. Hence we have g = 2.
(5.8) P is a (Tl)-set and NG(P) acts transitively on the set of involutions, unless n = 5 and q -2.
PROOF. The second assertion follows easily from (5.5). Proof same as the one of (4.3) (c) yields the first.
If we make the assumption:
then the argument of this section yields propositions similar to (5.2) and (5.4) which determine the structure of NG(V) and NG(R) respectively.
(5.9) Suppose that R -Z contains a central involution. Then NG(V) contains a normal subgroup of odd index, which is isomorphic to L 2 (q). Furthermore there is an involution s such that N 0 (V) = (S, K, s) and s G N G (K). (5.10) Suppose that NG(R) is not a subgroup of NG(Z). Then NG(R) contains a normal subgroup Gz such that PÇ^GZÇZNG(R), GZ/P is the cyclic group of order (q -l)/d, NG(R)/GZ is isomorphic to PGL(n -l,q) and[N G (P),Gz]QP. (5.11) NG(R) is not a subgroup of NG(Z) unless n = 5 and q = 2.
Propositions (5.5) and (5.11) may be stated in a slightly different manner.
(5.12) We have N G (U)QN G (P) and N G (V)QN G (R), unless n = 5 and q = 2.
PROOF. Suppose that either n^5, or q>2. The proof of (5.5) actually shows that an element t of NG(U) -NG(S) belongs to N 0 (P). It follows from (5.2) that
Similarly we prove NQ(V)QNG(R)*
Construction of a subgroup isomorphic to L n (q).
In this section we assume (6.1) (i) P-Z contains a central involution;
(ii) Z(T)-0 contains a central involution; (iii) either n è 6 or n = 5 and q> 2. All propositions of this section are proved under the set of assumptions (6.1). Our goal is to construct a subgroup Go which is isomorphic to L n (q). Simple consequences of (6.1) are the following. (iii) NQ(P) involves L n -i(q), and has the structure stated in (5.4).
PROOF. Proposition (i) is the restatement of (4.2), and (ii) follows from (5.2). The last proposition (iii) is a consequence of (5.4), (5.5) and the assumption (6.1) (iii).
(6.3) (i) R-Z contains a central involution. (ii) NQ(V) involves L 2 (q), and has the similar structure as NG(U).
(iii) NQ(R) contains a normal subgroup Gz such that Gz/R is the cyclic group of order (q -l)/d and N G (R)/Gz=PGL(n -l i q). (iv) NQ(T)/T contains a normal subgroup of odd index which is a direct product of two copies of L 2 (q).
PROOF. By assumption (6.1) (ii) there is a central involution z in Z(T)-0.
We have C s (z) = Tby (2.11) (iv). Let S 0 be a Sylow 2-group of C G (z) which contains T. Since z is central, S 0 is a Sylow 2-group of G. We have SnS 0 = T. We apply (2.19) to N Q (T)/T. By (6.2) (ii), there is a Sylow 2-group 5i such that Sr\Si= U. Hence by (2.19) there must be a Sylow 2-group S 2 of NQ(T) such that Sr\S 2 7*T and Sr\S 2 does not contain U. Set W= 5H5 2 .
Suppose that g = 2. Then there are precisely three maximal subgroups of S containing T. Since 525^5, we have Z(Sz)9 £ Z by (2.11) (vi). Hence the central involution of Z (5 2 £ Z. Thus (i) is proved. Propositions (ii) and (iii) are proved in the same way as (6.2) (ii) and (6.2) (iii). The last assertion follows from (3.5), (6.1) (i) and (6.3) (i).
We define subgroups Ui of S as follows:
By definition Uo -V, U n +2 = U and all these groups are if o-invariant subgroups of S which contain the commutator subgroup S' of 5.
PROOF. Let F»-= n j y,-£/'y. Then each Vi/S' is an irreducible ifomodule by (2.7). It is easily seen from (2.7) that these modules Vi/S' are mutually nonisomorphic if q>2. Hence they are if-invariant. Since each group Ui is a union of subgroups Vj, Ui is if-invariant. This proves (i) . If 1 ^i^n -3, Z(U%) = Z so that (ii) follows.
We are interested in the construction of a (BN)-pair in G. Define
We will construct a subgroup N to complete a (J5iV)-pair of G. We use terminology related to groups with a (5iV)-pair. Thus, a subgroup which contains B is called a parabolic subgroup This completes the proof that the subset Go is a subgroup. We have in fact shown that (B, N) is a (2?iV)-pair for Go.
(6.8). Le* Go -BNB be the subgroup defined in (6.6). 7%6n Go=L n (q).
PROOF. This follows easily from either the theorem of Ito [2l] or Tits [4l]. Let Gi be a minimal normal subgroup 5^1 of Go. If x is any involution of P, NQ(P) contains CQ(X) by (5.8) and the assumption (6.1) (iii). Hence we conclude that Gir\N Q (P)?*\.
By (5.8), P is a minimal normal subgroup of NQ(P). It is the unique one because P Since 5 is contained in the normal subgroup generated by £/, we have (3) the commutator [s, t] lies in T.
We need some properties of the group Q consisting of all matrices of the form where X range over all matrices of size in -2, 2). Q is an elementary abelian group, which admits a group of automorphisms which consists of matrices (* r)-We summarize properties of Q which will be needed. where v = t n^r i8 t n -.z. We have shown that r is an element of R. Hence if r = (an), we have a# = 0 if i7*j and ij^n. Hence only nonzero entries of r', off diagonal, are in the second row from the bottom. By (4) and (6) the same is true for r u . Hence the last two rows of v, except on the main diagonal, contain zero only. Since v = rr', we have r = l. This proves (6.9).
Propositions (6.6) and (6.8) yield that G contains a subgroup Go which is isomorphic to L n (2) . The subgroup Go is the one generated by 5 and U (i = 0, 1, • • • , w-2).
7. Proof of the equality G=G 0 . In the preceding section we constructed a subgroup Go which is isomorphic to L n (q). In this section we will show that G = Go.
We may consider Go as the factor group of SL(n t q) by the center. In this way each element of Go is represented by an n Xn matrix over F. We use the notation of (2.6), (2.8) and (2.9). Thus, 5 is a Sylow 2-group of Go which is represented by the elements (2.6). We may (7.6) The proposition (7.5) holds even when q~2.
PROOF. Again we suppose that (7.6) is false and prove a series of lemmas. Set W-Csiji) as before. 
